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ABSTRACT The steady-state fluxes in Onsager's model for ionic transport along a
dipole chain are derived by application of Hill's diagrammatic technique for uni-
molecular systems. It is shown that under specific conditions the chain exhibits
thermodynamic instabilities which prove to be a possible explanation for the
phenomenon of electrical excitation in biological membranes.

1. INTRODUCTION

Fixed facilities for ionic transport across biological membranes are usually described
as pores or channels which are formed by helical protein structures. In order to
account for the high selectivity of ionic transport across membranes, one has to
assume that these pores are very narrow (of the order of the ionic diameter). The
ions will pass the pores in single-file motion, the unit step of transport being a
hopping transition between two stable sites in the pore.
Up to naow, both light and electron microscopy have failed to give clear evidence

of the structural details of the pore model: narrow protein helices providing a path-
way of stable sites for ions. Moreover, the essential physical features of ionic trans-
port across biological membranes may equally well be explained on the basis of
models with only a few structural assumptions. A strikingly simple but very con-
vincing model has recently been proposed by Onsager (1): ionic transport along a
chain of elementary molecular dipoles. Such a chain could be formed by a single
extended protein molecule, and possible candidates for the elementary molecular
dipoles are hydroxyl and carboxyl groups in the side chains of amino acids.

This dipole chain has two low energy configurations: all positive ends are directed
towards the outside or inside (left or right side of the membrane). Clearly, an ap-
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plied electric field causes an energy difference between these configurations propor-
tional to the field.

Let the dipole chain be in its low energy configuration with all positive ends inside
(right-hand side). A cation from the outside, say of type 1, can now cross the mem-
brane along the chain by adjoining the negative end of the innermost dipole, jump-
ing over it, and simultaneously reversing its direction and so forth, until it arrives
at the inner (right-hand) side of the membrane. After having passed the chain, the
ion has reversed the chain's polarization compared with that at the beginning. Thus,
no further ion of type 1 can pass the same chain in the same direction, and a steady
ionic flux of type 1 will not be sustained unless the chain is capable of rearranging
itself appropriately to the original polarization. Such a rearrangement could be
accomplished by (a) passage of an anion (type 2) in the same direction as cation
1, (b) passage of a cation (type 2) in the opposite direction, (c) passage of a direc-
tional discontinuity or "bonding defect" of the ordered chain in any of the two
possible directions.

In the latter case, there is a net flux of electric charge, and the ionic flux is con-
trolled by an applied field. This also holds for cases a and b if the absolute values of
the valencies of ions 1 and 2 are different.
From the physical point of view, Onsager's model provides a mechanism for

screening the ionic charge against the hydrophobic interior of the membrane. While
an ion of charge Pie (e is the elementary charge, vi the valency) traverses the dipole
chain from left to right, the actually transferred charge is vie - 2q (q is the effective
amount of charge at the ends of the elementary dipoles) rather than vie. If the chain
is rearranged by the passage of a cation of charge v2e from right to left or of a
bonding defect in any direction, the actual charge transfer in the second step is

v2e + 2q or 2q.
In this paper we are going to study the essential physical properties of the model

in steady state: ionic and electric fluxes as a function of the voltage and the ionic
concentrations. Time-dependent phenomena such as chain vibrations and relaxa-
tion will be investigated in part II of this paper.

In section 2 of this part, the physical features of the model and its essential pa-
rameters are briefly described. In section 3, the steady-state fluxes as functions of
the voltage and concentrations are derived for versions 2 and 3 of the model, namely
for antiparallel transit of two cations and transit of one cation and two types of
bonding defects. This derivation is based on Hill's (2) diagram technique for
steady-state fluxes of unimolecular systems. Although the results are algebraically
not very simple, numerous qualitative conclusions will be drawn in section 4 by
straightforward arguments which pertain in particular to the asymptotic behavior
for voltage U -X oc and the occurrence of instabilities. A possible relationship be-
tween such instabilities and the phenomenon of electrical excitation in biological
membranes is discussed. A numerical evaluation of the results of section 3 is pre-
sented in section 5.
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2. DESCRIPTION OF THE MODEL

Let us consider a linear chain of n equal molecular dipoles each of which has the
dipole moment p. For the sake of simplicity we assume that the chain is precisely
straight-lined and that its direction is perpendicular to the membrane surfaces. We
could generalize the following calculations to include slightly curved chains, but
we do not expect that the results would be significantly altered in this way.
The dipole chain touches the membrane surfaces at both ends. If D denotes the

membrane thickness, we can define a = D/n as the lattice constant of our one-
dimensional system. Clearly, we have a > 1, where I is the length of a single molecu-
lar dipole.

Let us further assume that each dipole is capable of rotating about its center.
This rotation is either completely free (the dipole ends moving on a sphere), or
else the dipoles rotate about a fixed axis (the ends moving on a circle). Because of
the electrostatic interaction between adjacent dipoles, the chain configurations with
minimum potential energy are those where all dipoles are uniformly directed paral-
lel to the chain:

-4>, (la)

(l b)

If an electric field F is applied (F > 0 from left to right), we have

Eb-E =npF, (2)

where Eb and Ea are the potential energies of configurations b and a in Eqs. 1.
The lowest dynamic excitations of the configurations a and b are chain vibrations

very similar to phonons in solids. During these vibrations each dipole performs
small rotational oscillations abound its center. Because of the dipole-dipole inter-
actions, there is a frequency- or wave-vector-dependent phase correlation between
adjacent dipoles. We shall discuss the chain vibrations in detail in part II of this
paper.

Let us now consider dynamically stable chain configurations different from those
in Eqs. 1 and thus involving higher potential energies. Clearly, each directional dis-
continuity or bonding defect along the chain increases the potential energy by an
amount w. Configurations with energy w (Eb =Ea = 0 for F = 0) include:

, , . >s . . . , (3 a)
or

*-*--.. .*----*. . .-*, (3b)

and those with energy 2w

(4)
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or

... ~... -<**--*.

and so forth.
Let us estimate the order of magnitude of w. If we have, for example, extended

dipoles I < a spaced at small intervals s = a - I << a and the electric charge q
localized at the ends of the dipoles as indicated in Fig. 1 a, the electrostatic inter-
action between adjacent dipoles is mainly due to the electrostatic attraction or
repulsion of the next-neighboring charges :q.

In this case, with p = q* 1, we find

w 2 q = 2 p = 2 ()2

where we have introduced the notation

a = A, (6)
ea

a = 1 denoting dipoles of maximum length with elementary charges e at their ends.
For a realistic estimate we assume 0.1 < a < 0.2 and 2 A < s < 4 A. This yields a
w value between 0.1 and 0.5 eV. The thermodynamic Boltzmann factor
exp(-w/k8T) for the configuration with exactly one-directional discontinuity (at
T = 300°K) would then be of the order of 1072-10-9, the actual value depending
sensitively on the precise value of w.

In the case of long distances s < a and short dipoles I << a (Fig. 1 b) the elec-
trostatic interaction between adjacent dipoles is given by -2p2/s3, so that

2 /\2 a2e2

w4 PS= 4 e (a) ae (7

Comparing Eq. 7 with Eq. 5, we expect the same order of magnitude for w and
exp (-wIkET) as in the case of short intervals.
The model we have described so far is, apart from the phonon-like vibrations of

the chain, a one-dimensional finite Ising model. Unfortunately, the well-known
results of the one-dimensional Ising model do not help us any further for biophysi-
cal applications. Firstly, the biophysical interest in our model is based on the pos-
sible presence of ions in the chain and the chain as a transport facility. These phe-

-q q-q -q_q +q -q *q
- . -. 4,

I s I l s l

(a) (b)

FIGURE 1 Electrostatic interaction at small (a) and large (b) intervals.
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FiGuRE 2 Polar environment of an ion in the dipole chain.

nomena are not included in the usual Ising model theory. Secondly, the usual theory
of the Ising model is confined to the thermodynamic equilibrium, whereas in our
case we shall see that also extreme nonequilibrium states are of interest. Finally, the
Ising model only yields useful analytical results either for an infinite model or for
F = 0. In our case, however, the number of dipoles will be of the order of 10, so
that the theory of infinite models cannot be applied, and the case F = 0 is irrelevant.

Let us now extend our model to include the presence of ions in the chain. An ion
will tend to polarize its surroundings. Then, the configuration with minimum poten-
tial energy becomes

ED...<<d3 > >....(8)

Let us estimate the increase u in potential energy associated with a partial re-
moval of the local polarization, i.e., the energy difference between the local configu-
rations a and b as shown in Fig. 2. In the case of extended dipoles at short dis-
tances, configuration a of Fig. 2 exhibits an attraction energy of 2 eq/s, so that

u = 4 eq = 4 eP = 4 CYea ,, 4 ae (9
s Is s s

Insertion of a = 0.1, s = 4 A leads to u 1.4 eV so that configuration b in Fig. 2
is thermodynamically very unlikely.
The same argument applies to the case of short dipoles at long distances where

we have

ae a ae2U,8 = 8- =8-. (10)s s S

Next, we have to formulate the description of ionic transport in terms of reac-
tion kinetics. The basic transport process consists of an ionic transition from one
dipole interstice to a neighboring one. Simultaneously, the traversed dipole reverses
its direction. We assume the rate constant of this process (without field) to be k,,
where i denotes the ionic species. If an electric field F is applied, the above process
is associated with an electrostatic energy difference

As= vie - 2p)F, (11)
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the sign depending on the direction of the process and Pie being the ionic charge.
Half of this energy has to be thermally activated so that the transition rates for the
two directions become

k(-' = kiexi, k = kie z,

Xi = (i- 2a) 2nkeTU U = F.D (12)

where a is defined by Eq 6 and a positive voltage U > 0 corresponds to a field F > 0
from left to right (e is the elementary charge, T is the absolute temperature, kB is
the Boltzmann constant).
For processes where the ion enters the chain from the external electrolyte, we

have to multiply the rate constants in Eq. 12 by the corresponding effective ionic
concentrations ci, c'. It should be pointed out that ci and c' are not necessarily
the absolute ionic concentrations in the electrolytes, but will contain a factor
exp (-e/kT), where e describes the difference between the ionic solvation energies
in the electrolyte and in the dipole chain.

3. DERIVATION OF STEADY-STATE FLUXES

ia. Two-Channel Model

Let us start our investigation of the steady-state properties of the model by looking
at the case where two kinds of cations I and 2 can pass the dipole chain. In order to
get a field-dependent flux of ions, we assume that the two kinds of ions have differ-
ent valencies Pi and v2, for example vI = 2 (Ca2+, Mg2t) and P2 = 1 (Na+, K+, H+).
By Ak (Bk) we denote the states of the dipole chain with one ion of type 1 (or 2)

in the interstice between dipoles k and k + 1 and with complete directional ordering
as indicated in Fig. 3. Clearly, 1 < k < n - 1, where n is the number of dipoles.
R and L denote the states of the empty chain with complete polarization of the
dipoles to the right and to the left, respectively (cases a and b in Eq. 1).

If E(Ak), E(Bk), E(R), E(L) denote the electrostatic energies of the chain in
the states Ak, Bk, R, L (without field), we may write

E(Ak) - E(L) = E(Ak) - E(R) = (1) = E> 0

E(Bk)- E(L) = E(Bk) - E(R) = ED?J - ) = C2 >01 (13)

where c(i and e(i) are the solvation energies of the ion of type i in the chain and in
the aqueous solution, respectively. All possible states of the chain not included in
Ak, Bk, R, L would energetically be separated from R, L by at least the energy w

1 2 k k.1 n
0-w(Di o_

FiouRE 3 Definition of the state A1.
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of a bonding defect. By assuming

w>> e,, i= 1,2, ( 14)

for the case presently under study, we may neglect all the states not included in
Ak, Bk, R, L.
The states Ak. Bk, R, L can be represented in a diagram

A2
Al _ AAn-1

Rz a~~ ~ ~~~~~~~L,(15)

B2
where each line connecting two states denotes an allowed transition between the
states in either direction and thus carries two transition 'ates as given in Eq. 12.
We have, for example,

Ak *- k- ek+1

Ak *k*xAk+1 -

(16)

R AI ,kA1- ell

An-l' -----L -cikiCx

which applies analogously to type 2 ions.
The use of diagrams of the type shown in Eq. 15 is a rather general technique for

treating first-order chemical reaction kinetics. The steady-state properties of such
systems are most easily obtained by making use of the Kirchhoff theorem (3),
rediscovered by Bott and Mayberry (4), King and Altmann (5), and Hill (2).
According to this theorem, the steady-state flux along a particular line is given by
the ratio of the sum of all flux diagrams along this line and the sum of all directed
partial diagrams. A partial diagram is obtained from the original diagram in Eq.
15 by omitting the minimum possible number of lines such that the resulting dia-
gram no longer contains any cycle (closed loop). From this partial diagram we
construct a directed partial diagram by orienting all lines towards one single point
of the diagram. The algebraic value of a directed partial diagram is the product of
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the rate constants corresponding to the directed lines. The sum of all directed par-
tial diagrams is a twofold summation over all ways of forming partial diagrams and
over all possibilities of directing each of the undirected partial diagrams. From the
original diagram of Eq. 15 this sum can be derived as follows:

S = + +

(17)

where, as in Eq. 15, the upper branch contains the transition rates of ion type 1
and the lower branch that of ion type 2. The following graphical abbreviations have
been used:

- <- =

R

R

A1 A2 ... An-
I~* a

A1 A2 ... An_
* ( a < * ' * ' p

11 nZR A,...
i-I

n-i

ER
*-1

X =

Ai
* o*Li

A,
F

n n-l Ai-l A. A,

n i-i1

i-1 *-I

which applies analogously to the type 2 branch. On the right-hand sides of Eq.
18 the directed lines represent products of the corresponding rate constants.
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The evaluation of Eqs. 17 and 18 is tedious, but not at all difficult. The algebraic
result reads

Sn=klk2n-I 0_12 + nk2k-la2l(19)

0'12 = [cle" + cle 1 + cc1cg(x1)]f(x2) + clc e`h(-x2) + clIC2Cnxlh(x2), (20)

sinh (nx) sinh [(n - I)Nf(x) = s ) g(x) = sinh x

h(x) = ~2.h[(n-l)en -srnh[fl)xI1j (21)
021 is easily obtained from Eq. 20 by permutation of 1, 2.

In order to express the steady-state flux, we still have to construct the flux dia-
grams as required by the above theorem. In general, a particular diagram for the
steady-state flux along a certain line is obtained from the original diagram by omit-
ting the minimum possible number of lines such that the resulting diagram retains
exactly one cycle which contains the considered line as a part. All noncyclic lines
are directed into the cycle, and the algebraic value of the cycle itself is the differ-
ence of the rate constant products for its two possible orientations. Again, the sum
of all flux diagrams along a line is the sum over all ways of forming particular flux
diagrams along this line.

In our case, the structure of the original diagram Eq. 15 is very simple, and all
possible flux diagrams topologically coincide with the original diagram. The sum
over all flux diagrams for the steady-state flux of ions of type 1 along any of their
transition lines is thus given by

F1=i7 = <2II~KI:7I (22
= (kl k2)0[cic2en(X1-X2) - C2 (X-X2)]

Clearly, the corresponding expression for the ions of type 2 is

F2 = -F1. (23)

Finally, the steady-state flux per chain of the ions of type 1 is given by

j S= F,= ki Cjc2e ClC2 (24)

- 012 + Cr2

and i2 = -ji.

b. Three-Channel Model

In the same way we shall now examine the case where only one type of ion (say, of
type 2) can pass the chain and rearrangement of the chain's polarization is due to
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the passage of the two possible kinds of bonding defects (denoted by the subscripts
3 and 4 as given in Eqs. 3 a and 3 b).

This version of the model applies to all cases where w and e 2= - are of
the same order of magnitude, but

e>>E2 forall i 2. (25)

States with one ion and one bonding defect simultaneously present in the chai
have an energy *2 + w compared with that of the ground state without ion and
without bonding defect. Neglecting the states with energies e2 + w while including
the states with one ion or one bonding defect is consistent only if

e /kBT << 1 e-42/kBr << 1 (26)

Since we now have a three-channel mechanism, our basic diagram is given by
2

R 3 L.

4

T'he sum S of all directed partial diagrams is obtained as

S = SM34 + S342 + S4U ,

(27)

(28)

where

S284 = H

(29)

= k2(ksk4)n-l08,
J234 = [c2elx + c2e-' + c2c2g(x2)Jf(xB)f(x4)

+ [c2cse"&"h (-X3 ) + c2cse-"h (x3)Jf(x4)
+ [c2c'eI'h (-X4) + c2c4e-&Ih (x4)Jf(xa). ( 30 )
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Eq. 30 still contains the general case that each of the three channels 2, 3, 4 in
Eq. 27 belongs to a different ion. In our special case where 3 and 4 are bonding
defects with zero valencies V3 = V4 = 0 we have

eU
= 2nkB T' (31)

k3 = k4 = k, ( 32)
where k is the rate constant for the reversal of a dipole without ionic transition.
For the effective concentrations c3, c3, c4, c4 of the bonding defects it is necessary
to insert

CS = CS = C4 = C4 = r = exp k-T) ' (33)

since the free concentration of bonding defects is unity and w, the formation energy
of a bonding defect, describes an eflective repulsion energy between the defect and
the membrane. S8a, S4a and ow,42 X a4o can be derived from Eqs. 29 and 30 by cyclic
permutation of the indices; it is readily shown that in our special case o42 = a4M .

For the steady-state flux diagrams of the type 2 ions in a three-channel model we
now have two options:

2

F2 =

+ 1, (34)

= (k2 k:)"k"-'[c2 c3 en(z23) -CcC3 e-n(x2-:)]f(x )
+ (k2 k4)k3 [C2 C4 etxl-zi' - C2 C4 If(x3),
= 2k2"k2n-1r[c2 en'2 _ Cce' 12S12f( _2ap).

Combining Eqs. 29, 30, and 34, the steady-state flux of type 2 ions per chain in our
special model finally is found to be

j F2 = 2k2 r - e .f(-2a2p)
s k2

924 2akk2 0284 4- 2a84
(35)
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4. DISCUSSION OF RESULTS

Asymptotic Evaluation and Instabilities

Although we have obtained analytic expressions for our steady-state fluxes, Eqs.
24 and 35, we cannot immediately discuss the fluxes as a function of voltage and
concentration since our results are rather intricate. On the other hand a discussion
of the asymptotic properties of our results for small and large values of concentra-
tions and voltages does not present any difficulties. Let us start by considering the
steady-state fluxes as a function of the concentrations.

a. Dependence on Concentration

Let us discuss j] as a function of cl, the concentration of type 1 ions on the left
side of the membrane, while cl, c2, c2, and the voltage remain constant. From Eq. 20
we conclude that the denominator in Eq. 24 is finite for cq = 0 and increases linearly
with increasing cl . If the second-order terms in the concentrations are assumed to be
small compared with the first-order terms, we expect

(ki Ce7nx + C2ex" + C' j-11--2 Ci -+

k12 + 0'21+ e +2 (36)

ki

Since the denominator of Eq. 24 is also a linear function of cl and has a finite
negative value for cl = 0 (if cl s 0), we expect j, to increase linearly with cl for
small cl and to show saturation at high cl as indicated in Fig. 4.
From Eq. 36 we conclude that the cl range in which saturation becomes observ-

able depends on the values of cl, c2, c2, U, and k,/k2, but may well be within ex-
perimentally reasonable or even low orders of magnitude.
By permutation of 1, 2 we can easily extend our discussion to includej, as a func-

tion of c2. If we put cl = cl, the denominator of Eq. 24 becomes a quadratic func-

0
Cl

FiouRE 4 Expected dependence ofjl on cl at constant c; , c2, c;, U in the two-channel model.
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tion of cl . This implies a linear increase of]1 with cl at low values of cl and a decrease
1/e1 at high values so that ji (cl) must have a maximum at medium values of cl .

The decrease ofj' at very high cl is due to the fact that the probability for a type I
ion to be present in the chain increases at the expense of the probability of a type 2
ion to be present to such an extent that eventually the chain can no longer rearrange
itself and thus fails to be permeable for any ion.

Essentially the same discussion as above applies to the three-channel model:
again the denominator of Eq. 35 is a linear function of c2 so that j2(c2) increases
linearly with c2 at low values of c2 and shows saturation at high values of c2.

b. High Voltage Behavior

Let us now turn to the fluxes as a function of the applied voltage U. From Eqs. 24
and 35 one can easily calculate the ionic conductivity of a chain in the linearj- U
range. Of greater interest and importance is the behavior of the fluxes for very high
values of the applied voltage U. Let us therefore evaluate the denominators of Eqs.
24 and 35 asymptotically for U -xo.

Since

Xi (pi - )eUxs ~(;-2a)2nk,a T '

we have

limx= +oo if O<a< 1,
u-_c

j+oo if

liM X2 =

-X if 2 < a < 1. (37)~(37)

It is easily verified
Eq. 24 are

that for U X-+ o the leading terms in the denominator of

'.-exp {[3n -1- 2a(2n - 1l)p}

-O" + 21--->-'exp {[n + 1- 2a]}p

exp [n - 2 + 2aIjp}

eU
= 2nkBT
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The numerator of Eq. 24 for U -> 00 is written

c C2e (lX2)
_ C' C2e-n(xl-2) eP. (39)

From Eqs. 38 and 39 we immediately conclude that

lim jl =
00 2 < a < 1.

(40)

We therefore expect a flux-voltage curve of the type roughly sketched in Fig. 5, i.e.,
j1(U) shows a maximum at some U = U. for 0 < a < .

In the three-channel model, v2 > 0, 3' =v4 = 0, we have

lim X2 =

lim xS = lim X4 =
U-0wo U-*

The asymptotic
U --- oo are

o1

-<a K*2-
values of the denominator and the numerator of Eq. 35 for

exp I[n'2 + 2a(n - 2)Iqp1

k -

k2a284 + 20w82-. exp {[(n - 2)2+ 2an-ip I

~exp {[2a(3n -2) -(n - l)1p)as}

(c2 er"2 - c2eC"")f(-2av) -+ -'exp {[np + 2a(n -l)Jp),
so that

0,
lim j2 =
UO,O

22
2 <a.
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- 2

us

FiouRE 5 Expected flux-voltage curve for the two-channel model.

When comparing Eq. 40 with Eq. 44 we note that the asymptotic behavior of
ji for U-o in the two-channel model with i' = 2, P2 = 1 and that ofj2 in the thret-
channel model with v2 = 1, Ps = P4 = 0 (bonding defects) are complementary.

c. Physical Interpretation of the High Voltage Results

The results 40 and 44 can be interpreted by means of a simple physical argument. In
the two versions of the model the complete transport cycle consists of two phases:
for example, in the two-channel model passage of a type 1 ion from R to L and
passage of a type 2 ion from L to R

1 2
R 1 yL 2 yR. (45)

Each phase involves a change in electrostatic energy as follows

AE(R L) = -eU(v1- 2a)]

AE(L -R) = eU(v2 - 2a) J (46)
such that

- [AE(R -- L) + AE(L -f R)] = eU(1 - P2) = TAS, 2 0, (47)

where ASi is the internal production of entropy in the course of the complete cycle.
The second law of thermodynamics requires that expression 47 is nonnegative: at
U > Otype l ion willpass from R to L and type 2 ion will pass from L to R ifvP > P2
and vice versa. This implies that the sum of the two expressions in Eq. 46 is negative,
whereas it does not require that each term is negative. For example, if v2 = 1 and
0 < a < 32, AE(L -* R) > 0, there is a decrease in electrostatic energy in the
first phase of the cycle and an increase in the second. Therefore, the intermediate
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state L has the lowest electrostatic energy and may be considered to act as a "trap"
for the ionic flux. At U -+0 the depth of the trap becomes infinitely large and hence
the flux tends to zero. A similar argument applies to the three-channel model with
a > P2/2; in this case, the intermediate state acts as a barrier.

d. Four-Channel Model

Combination of the two-channel and the three-channel versions of the dipole chain
model leads to a four-channel model describing the passage of two types of cations
with Pi = 2, a= 1 and, in addition, the passage of the two types of bonding de-
fects Ps = P4 = 0. The basic diagram is then given by

1

R L. (48)

The sum S of all directed partial diagrams in this case is easily derived from Eqs.
28-30 by consequent generalization. The flux diagrams of the cations of type 1 and
2 result to be

F, =F,'+F', i= 1,2, (49)

+

(50)

(51)

and likewise for F2 (numbering of the channels as in Eq. 48). Correspondingly we
define the various fluxes as

Fi ., Fi .,, F
J'=s-& Ji= -' Ji = S (52)
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ji is that part of the 1 flux which is associated with an opposite flux of type 2 and
vice versa, whereas j$' is the flux contribution of type i associated with the passage of
a bonding defect of any type. For the net flux of electric charge per chain we ob-
tain

je = e(2j1 + j2). (53)

Let us now discuss the behavior ofje as a function of the voltage U for 0< a < .
If c, < w (e, as defined in Eq. 13 and w denoting the formation energy of a bonding
defect), and el and e2 are of the same order of magnitude, at low voltages U we expect
a behavior very similar to that of the two-channel model, i.e., channels 3 and 4 of
the bonding defects are closed:

ji 0, i = 1,2

JA = -J2 -J2 small U's.

ie z ejl (54)
The charge flux in this region is almost completely due to an antiparallel flux of

the ions of types 1 and 2. For increasing values of U, the passage of bonding defects
becomes more and more likely, whereas the antiparallel flux of two positive ions
is fincreasingly unfavorable since 0 < a < 2, compare Eq. 40. Eventually, the
antiparallel flux of ions 1 and 2 vanishes, the net charge transfer is almost completely
due to a parallel ionic flux, and rearrangement of the chain is achieved by passage of
bonding defects:

A jJ J2J2r U--+o.

je e(2j, + j2 j (55)

FIGURE 6 Expected curve of the net flux ], of electric charge as a function of voltage U
in the four-channel model.
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If the differences w - ei, i = 1, 2 are sufficiently large, the net charge flux i.
of the four-channel model as a function of U will follow the corresponding curve
of the two-channel model for increasing U up to negative values of dj4/dU, i.e.,
even including the maximum ofj. at U = U.. Owing to the opening of the bonding
defect channels at very high U, however, the net charge flux will again increase with
U so that the maximum at U. is followed by a minimum ofj8 at U = Ur, as shown
in Fig. 6. The numerical evaluation of our model in section 5 will confirm this
qualitative conclusion.

e. Instabilities: Electrical Excitation

From the thermodynamic point of view, the existence of a maximum of the net
charge flux j. (U) as a function of voltage U

(dje\ °) (56)'\U) U-U.
entails a physical instability. In our previous considerations, we have shown that
for 0 < a < M such a maximum necessarily exists in the two-channel model and
upon appropriate choice of the parameters w, e*, in the four-channel model as well.
From the biophysical viewpoint, an instability of this type is of major interest as
it represents a possible mechanism for electric excitation of the membrane. For cur-
rent-voltage characteristics like that shown in Fig. 5 (for 0 < a < M2) and that in
Fig. 6 it is always possible to construct a load line of an appropriate external circuit
in such a way that it intersects the characteristic in three different points, the operat-
ing points of the complete circuit (see Fig. 7). As shown by Franck and Kettner
[6-8], only the outer two operating points (U1 and U3 in Fig. 7) are stable whereas
the inner one (U2) is metastable so that the complete system runs into U1 if the
instantaneous value of the voltage U is smaller than U2 or into UQ if U is greater than

Je

I t~~~~~~oadline

0 U1 U2 U3 U

FIGURE 7 Bistabilitysin"the four-channel model.
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FIGURE 8 Superposition of a two-channel chain (a) and a three-channel chain (b). The
solid curve shows the total flux.

U2 . This bistability of the complete system is a possible model for membrane excita-
tion, for example, in nerves.
N-shaped flux-voltage curves (i.e., voltage-controlled instabilities) can also be

obtained by a superposition of two different dipole chains. To give an appropriate
example, let us assume that one of the chains is of the kind of our two-channel
model for antiparallel flux of a bivalent (type 1, for example Ca2+) and a mono-
valent (type 2, for example Na+) ion, whereas the other chain is of the kind of our
three-channel model for the same monovalent (type 2) ion and bonding defects.
For both chains we assume 0 < a < . If now the concentrations satisfy the con-
ditions

Ci> C, C2 < C2,

(for example surplus Ca2+ outside and Na+ inside) the separate flux-voltage curves
for the two chains may look like the dotted lines in Fig. 8. The total flux again is
N-shaped as in Fig. 7.

5. N UMERICAL EVALUATION

Our qualitative results in the previous section are easily confirmed by a computer
evaluation of Eqs. 24 and 35. Fig. 9 shows computed curves of the flux-voltage
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FIGURE 9 Computed flux-voltage curve for the two-channel model at different cl values
(C-= 0, C2 = C2 = 10-, a = 0.2, n = 5, kulk = ks/k = 1).

characteristic for the two-channel model (a = 0.2; number of dipoles equals n = 5).
For biophysical applications it is interesting to investigate the variation of the

threshold voltage U, as a function of the internal effective concentration cl of the
bivalent ions. Usually, this relation is referred to as

r dfUs (57)
d In cil

Fig. 10 shows computed curves of U. as a function of ln cl in the two-channel
model for different values of a (0 < a < M2). From these curves we see that

r-*0 for c1- oo. (58)

There is an intermediate region, however, where r is almost constant:

r =rmax <0

U, = -| rmax Iln Ci (59)
A further numerical analysis shows that rPma only depends on a, and not on
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FIRuRE 10 Computed threshold voltage U. as a function of ln cl in the two-channel model
for different values of a(Cl = O, c2 = C; = 10-3, n = 5, ki/k = k2/k = 1).

the other parameters like n, k1/k, k2/k, c2, ca. (k1, k2, k are the voltage-free rate
constants of the ions of type 1, 2 and of the bonding defects.) In Fig. 11 I rm,.
is plotted as a function of (- af)-', which is approximately a linear relationship.
Moreover, we see that

r1m I>kT = 12, 9 mV (for T = 3000 K). (602e

Experimentally, electrical excitation and the existence of a threshold voltage like
that in our two-channel model have been found in membranes of nerves (9) and of
amphibian epithelia (10). The experimental 1 values range between -9 and -6
mV for nerve and -18 mV for amphibian epithelia, respectively. The latter value
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FiouRE 11 Computed maxima of dU./d(ln ci) as a function of (h -_ a)-I in the two-
channel model (c; = 0, C2 = c2 = 10', n = 5, ki/k = k2/k = 1).

is within the range of rFma 1, Eq. 60, whereas for nerve we would have to refer to
the transition regions between r 0 and r = rm., in our model.
We also tried to obtain numerically an N-shaped flux-voltage curve from the

four-channel version of our model as described in section 4 d. By giving the energy
w of bonding defects a sufficiently large value we can actually arrive at a very pro-
nounced N-shape. It turns out, however, that this is possible only at the expense of
the values for U. and Ur, i.e., the voltages at which the flux has its maximum and
minimum, increasing by up to several 100 mV; this is far beyond any biophysically
reasonable voltage range. The more pronounced the N,-shape, i.e., the larger

Ai Jmax - Jmin
7J Jmax

(61 )

the larger are necessarily the values of U. and Ur. This fact is consistent with our
intuitive understanding of the four-channel model. In order to find the optimum
within these limitations we have developed a feedback computer routine in which
all parameters are systematically varied and a particular variation step is repeated
if its effect was favorable or canceled if it was unfavorable. Beginning this routine
with different initial values of the parameters we always arrived at the same optimum
within a matter of a few minutes of computing time. As the lower limit for Al/i,
Eq. 61, we imposed Aj/j 2 0.2. The result of this procedure is shown in Fig. 12.
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FiouRE 12 Computed flux-voltage curve of optimum N-shape in the four-channel model;
Cl = 10', c; = 0, c2 = 2 X 10-, c2 = 10-8, a = 0.2, n = 4, r = exp (-wIkBT) = 10
kulk = 2 X 10-8, k2/k = 2.5 X 10-2.

6. CONCLUDING REMARKS

Although Onsager's model is so attractive because of its very simple structure and
the small number of additional assumptions made, one may still raise the standard
objection which is often raised to theoretical models: if the number of the adjustable
parameters is large enough, every model can be forced to describe every experiment
with sufficient accuracy.
We feel, however, that in this case the situation is somewhat different. First of all,

the number of parameters is not so large. The parameters which have to be adjusted
are a, n, w, k1/k2 (or kilk, k2/k) in addition to two further factors describing the
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ratio of the effective and true concentrations of the ions of types 1 and 2. Secondly,
Onsager's model claims a molecular mechanism. This means that almost all param-
eters bear a defined physical meaning on a molecular scale. Therefore, it should be
possible at least to narrow down the range in which the parameters can be adjusted
by estimating their order of magnitude. The third point is that the numerical eval-
uation particularly of the four-channel model in section 5 has shown us that the
model is not very flexible. In fact, we have not been able to reproduce every kind of
an N-shaped characteristic that we wanted.
From these considerations we conclude that it will not be very difficult to put the

whole model to a crucial test by comparing the predicted results with experimental
findings which either have been obtained by other researchers or could readily be
obtained in the future.
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